FEBRUARY 1974

quadrature schemes may be used in effecting the numerical
integrations. In this sense, specific discreteelement “condensation”
techniques represent only one of many possibie ways for carrying
out the required process of integration and summation in the
Rayleigh-Ritz method.

To further illustrate the alternative ways in which Rayleigh’s
principle may be applied and the fact that the use of a vibration
mode determined from a first iteration does not necessarily lead
to best results, the numerical example given by Fried® will be
considered from the simpler (and more traditional) point of view
of the dynamicist. The Rayleigh quotient may be formed from
Fried’s Eq. (6) by multiplying the first row of the matrix
equation by x,, the second by x,, etc., and summing the results
to give
P Xy 7400 = x )% (05— X2) 7 + (x4 — x3)° + (x5 — x,)* +x57 (1)

x 2 X2 X x4 xs?

Apart from physical constants which are absorbed in the
definition of 4, this may be viewed as Rayleigh’s quotient for the
transverse vibration of a massless string under constant tension
with five equal masses equally spaced along the string. In this
case the numerator represents the strain energy and the de-
nominator represents the kinetic energy divided by frequency
squared. In the traditional approach of the dynamicist, a reason-
able (and typical) assumption for the shape of the lowest
symmetric mode of this system would Be a parabola (as in
Appendix 1 of Ref. 4). Thus

X, =5 x,=8 x3=9, x4=8 x5=5

Substituting these values into Eq. (1) gives
Ay = 70/259 = 0.2703

This compares to Fried’s result for the singly iterated mode,
A, = 0.2860, for the doubly iterated mode, 4, = 0.2680, and the
exact value, 4, = 0.2679. The accuracy of the result obtained
here by application of the primitive Rayleigh method is thus
much better than the result obtained by Fried using a singly
iterated mode and differs from the exact solution by less than
1%.

For the antisymmetrical case, applying a similar assumed
parabola to each half of the system leads to A, = 1.000 which
corresponds to the exact solution. By contrast, Fried obtained
A, = 1.200 for his singly iterated mode and 4, = 1.024 for his
doubly iterated mode. Fried’s results are a consequence of the
fact that his assumed antisymmetric loading for the first iteration
destroyed the subsymmetry of the first antisymmetric vibration
mode in each half of the system.

This example is not, of course, typical of all problems to which
Rayleigh’s principle might be applied. (For instance, in the
bending vibration of cantilever beams of variable properties use
of the first iteration for the mode shape in application of
Rayleigh’s principle to determination of the lowest natural
frequency is often a most satisfactory procedure) It does,
however, emphasize that to obtain best results with minimum
effort from Rayleigh’s principle, it is necessary for the analyst
to exercise a degree of judgment based on the geometrical,
structural, and dynamic properties of the system under con-
sideration and to choose analytical techniques accordingly.
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1. Introduction

HE periodic solutions of the planar librational motion for

satellites in an eccentric orbit were first investigated by
Zlatousov et al.' More recently, the analyses by Modi and
associates? ™ ° clearly established their usefulness in providing
valuable information concerning the formation of a stability
region and the critical eccentricity beyond which no stable
motion is possible. Interestingly, at the critical eccentricity, the
only available solution is a periodic one. Thus, periodic solutions
play an important role in the attitude dynamics study.

This Note studies initial conditions leading to periodic motion
for gravity gradient stabilized satellites using an extension of the
Krylov and Bogoliubov method (variation of parameter pro-
cedure)® as suggested by Butenin’ with certain modifications.®-°
The validity of the results, obtained over a wide range of system
parameters, is assessed through comparison with the response
as given by numerical integration of the exact equations of
motion. The effect of solar radiation pressure (the predominant
environmental force at higher attitudes) is also included to
emphasize its significance. The procedure represents a simple yet
effective model for response evaluation during the preliminary
design stage.

2. Equations of Motion and Analysis
Using the Lagrangian formulation, the governing equations
for pitch (), roll () and yaw (/) librations (Fig. 1) for an
arbitrarily shaped axisymmetric, gravity oriented satellite can be
written as'®

(1+ecosO” —2e(1+y)sinf—2(1 +ecos0)(1+y")f tan f+

3K;sinycosyy = Q, (la)

(14+ecosB)B"—2ef sin O+ [(1+ecosO)(1+y')*+ 3K, cos? ] *
sinficos f=Q, (1b)
A—(1+y¢ysinff =0 (Ic)
where e is the orbital eccentricity, 0 is the position of the
satellite as measured from pericenter, K is the inertia parameter,
(I .~ 1)1, 1;is the principal moments of inertia about j-axis
(j=xy2, Q, Q, are the generalized forces, complicated
functions of geometry of the satellite, its orbit, mass distribution

and spatial orientation, and primes denote differentiation with
respect to 6.
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Fig.1 Geometry of satellite motion.

Note that 1 being a cyclic coordinate, its conjugate momentum
represents a constant of the motion, thus establishing the first
integral in the yaw degree of freedom. Several points of interest
become apparent:

i) A motion is governed by ¥ and B, and because of their
periodic character 4 motion is also going to be almost periodic,
particularly for small amplitude librations normally encountered
in practice;

ii) Equations (1a) and (1b) are independent of A.

The objective, therefore, is to determine initial conditions leading
to coupled periodic motion in pitch and roll.

Replacing trigonometric functions by their series expansions,
neglecting the fifth and higher order terms in ¥, f, and their
derivatives, and collecting the nonlinear terms on the right hand
side, the equations can be written as!®

Y+n Y =0, 4,4, B, B)+c,sin (9—06)} @
[f”+n22[$ = f2(0v v, ¥, B B)
where :
n? =3K,
n,? =3K,+1
¢, =c(8+4g)(1+e)’/3n
¢, =[(c,cosd+2e)*+c  sin?p]Y?
a =tan"'[c,sin ¢/(c cos p+2e)]
¢ = solar aspect angle
g = aspectratio of the satellite, depends on satellite dimensions
and material characteristics!®
¢ =solar parameter, a function of the satellite material,
geometry, inertia and orbital characteristics'°
£, =28 +2BBY + DB B +En, 2y + 2y sin 0— e? sin 20—

&2y’ sin 26— 2¢> cos? @sin 0 2e>y’ cos? O sin O —

2e* cos® sin 0 +n, 2ey cos — n 2e*yy cos? 0+

n, ey cos® 0— 3, 2ey cos O+ (5)c, B sin (6~ d)—

4ec, cos 0 sin (0— ¢)—2ec, f* cosBsin (6 — ¢)—

102 cos? O sin §— 20e’c . cos® O sin (6 — ¢)

fo= =280 =y BB 0, 2B+ BB+

2ef sin0— e’ sin 20+ > sin Hcos” O+ n, *ef cos 0 —

n,%e?fcos? 0+ n,2e*fcos® f—n, *efy? cos 6 —(3n,*ef’ cos b
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For small amplitude motion, each term in f; and f, is com-
paratively small, hence the method of variation of parameters is
applicable. Accordingly, a solution is considered in the form

Y = a,(f)sin {n,8+5,(0)}+{c,/(n,>~1)} sin(6—a) 3)
B = ay(0)sin {n,0+5,(0)}
where the amplitudes a,, a, and phase angles d,, 4, are slowly

varying parameters determined from the following average
relations:

2z *2n "2z
ai'=(1/87‘3"i)J J f*cose de, de, d

o Jo Jo .

2n (*2n ("2n 1= 1’ 2
3/ = —(1/8n%n, ai)J J Sf*sing,dg, de, db

o Jo Jo

Here
g =n0+5(6)
f* =110, a,sine,, a\n, cosg,, a, sine,, a,n, Cos &,)
Using the conditions of orthogonality while evaluating the

above integrals leads to the final solution which can be con-
veniently written in the following form:

¥ = D, cos (K ,8)+ D, sin (K,0)+ {c /(n,>— 1)} sin(0—2) (4a)
B = D;cos(K,0)+ D, sin(K,0) (4b)
where
a,>=D,*+D,*
a,>=D,*+D,?
K, =n[1-{(a*~e>/4}—c*/{2n,> - 1)*}]
K, = ny[1—(a,2/4)— ¢, 2/{4n,X(n,* — 1)} + {n,*/4n,*}e*]
and D, D,, D, and D, are obtained using the initial conditions:
D, = [¢o—{c.fin,*— 1)} sin(B,—a)] cos (K 8,)—
(/K )Wo' —{clin,>— 1)} cos (B~ )] sin (K ,6,)
D, =[Wo— {cfn2— 1)} sin(8,— )] sin (K ,0,)+
(1/K D[ —{c/(n,*> — 1)} cos (6, — )] cos (K ,8,)
D, = Bycos(K,0,)—(1/K,)sin (K ,0,)
D, = By sin(K,8)+ (1/K ;) cos (K ,0,)

3. Results and Discussion
This approximate solution provides a considerable insight
into the system behavior. Here, our interest is confined to the
periodic motion. It is apparent from the approximate expression
(Eq. 4b) that out-of-plane librations executed by the satellite
are always periodic. Furthermore, the period of this roll motion,

Initial conditions for a
typical periodic solution
indicated

8,-a)

Fig. 2 Approximate estimate of initial conditions for periodic
(period = 2r) librations.
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which exhibits weak amplitude dependence, is ~(1/n,)(orbital
time). Thus, for a given satellite, the frequency of out-of-plane
motion is fixed. On the other hand, pitching motion presents
several interesting possibilities:

i) For satellites in circular orbits and with negligible solar
radiation effect (i.e., ¢, = 0), the motion of periodicity ~ (1/n,)
(orbital period) is assured.

ii) For initial conditions satisfying the relations

Vo = {e/in,> = 1)} sin (B, —2) (5)

Yo' = {c/in,*~ 1)} cos (0, —a)
D, =D, =0 and the pitching motion of orbital period ensues.
The parameter c/(n,”— 1) appears to be quite significant as it
governs not only the initial conditions leading to the periodic
motion but also its amplitude. Thus, the initial conditions for
the periodic motion are affected by solar radiation pressure in
addition to orbital eccentricity and the satellite mass distribution.
Interestingly, they can be represented quite simply by a circle as
shown in Fig. 2.

iii) In general, when all the three terms are present, the
motion is still periodic. However, the periodicity is now governed
by K, which can be approximated as a rational number, m/n.
As dictated by the third term, the lowest period is of course
2r, when K, = m/n =1, the largest value for K, being one.
Otherwise, the period would simply correspond to n orbits.

To assess accuracy of the above procedure, librational response
of the system was obtained through numerical integration of the
exact equations of motion (1a, 1b) using the initial conditions
as given by Eq. (5) and compared with that predicted by the
approximate solution of Eq. (4). Typical comparisons are
presented in Fig. 3. The correlation is indeed satisfactory. Thus,
the method represents a rather simple and effective procedure
for determining periodic solutions of such a complex system.
Its usefulness during initial stages of satellite design is apparent.

A comment concerning the applicability of this procedure to
more complex situations involving spacecraft flexibility and/or
damping would be appropriate. Periodic solutions continue to be
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Fig.3 Typical examples of approximate periodic librations.
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important!! as their spinal character with respect to the stability
region is maintained.'? Of course, routine algebraic manipula-
tions would increase because of the rather involved character of
integrand f*. However, the method should provide a quick
estimate of the periodic solutions, even for such formidable
systems.
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Studies on Mixed Fuels—Hydrazine
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Introduction

LTHOUGH hydrazine has long been known to be an
attractive rocket fuel, several problems arise in its use.
Hydrazine readily undergoes catalytic decomposition on many
metal surfaces. In the vapor phase it has a strong tendency
towards explosive decomposition. Hence for storing hydrazine
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